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Combinatorial Optimization Problems (COPs)

* Solution space and time increase
rapidly with the number of variables

Computational Time

Problem Size

Near Optimal
Solution?

VLSI routing Smart grid Ising machines




The Ising Model

M Basics: B The Hamiltonian of the Ising model

* |t describes ferromagnetic  Converges to the lowest energy state

interactions of magnetic spins
: 1
. o
Each spin takes an upward (+1) state H(o) = —EZIUGL-GJ _ zhiai
or a downward (-1) state ij i

external field

F,

U2 F
coupling ]il\gg_éﬁ(/

coefficient | 0j

The transition

An Ising model with 5 spins

A. Cipra, “An introduction to the Ising model,” The American Mathematical Monthly, vol. 94, no. 10, pp. 937-959, 1987.



Max-cut Problems (MCPs)

B Definition: The MCP splits vertices into two groups to maximize the cut value,
which is the total weight of edges between the two groups.

Problem Search Solution
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=1+3+34+4+1 =2+3+34+4+1 =24+34+34+4+24+1
=12 =13 =15 maximized

An example of max-cut problems

F. Glover, G. Kochenberger, and Y. Du, “A tutorial on formulating and using qubo models,” arXiv preprintarXiv:1811.11538, 2018.



Solving a Problem using an Ising Machine

Given a COP

Ising Formulation

Embedding

Search

Route 1 (A-»B—C—D—E) ©® @ ® ® Route M (A»C—B—D—E)

Lo "
A G N i
“'ma Route 1 ‘%_ o5 teM \D

To adapt the formulation of the H(o) = _% J1;010; — Z h;o;

COP to the Ising model

To satisfy limitations in the
physical implementation of
the Ising machine

To search for the solution
by updating the spin values
in the Ising machine

CMOS digital

i challenge

Parallel spin update with hardware efficiency
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Oscillator-based Ising Machines

B General Idea: To implement the Ising model by an oscillator w

network and encode spins into oscillator phases. — Se
B Basics: Oscillator’s phase becomes stably locked under '[‘iecitiir:)g”
second harmonic injection locking (SHIL). e e e
B Mechanisms: Coupled oscillator network dynamics settle )@\M—?@L
== —

naturally to local minima of a continuous version of the Stable phase

associated Ising Hamiltonian.

B Challenge: sparsely connected topology; limited precision of coupling

coefficients due to the use of resistive or capacitive coupling.



Emulation of Oscillator-based Ising Machines

B General Idea: To build an oscillator network and encode spins into oscillator phases.

B Derivative of oscillator phases with time

A modulation °

parameter for the parameter for the
coupling coefficient second harmonic signal

t
\ K=1+ >0 K. =1+ 2tanh(10sin(t))

________________ O ———

___________________________________

A modulation Gaussian noise with the

mean 0 and the variance
dt, and with the
modulation parameter K,

o
o e e
[ ———_

~

____________________________________

r

N _
do;(t) = —KZ]UC (¢j(t) — ¢i(t)) — KsS(2¢;(8)) | dt + Kp,dW,
j=1 1

Coupling function for Second harmonic injection function

coupling between the for injecting the second harmonic

ith and jth oscillators signal to the ith oscillator
C(x) = tanh(10sin(x)) S(x) = sin(x)

T. Wang and J. Roychowdhury, “OIM: Oscillator-based Ising machines for solving combinatorial optimisation problems,” in UCNC. Springer, 2019, pp. 232-256.



Function Approximation

B Coupling Function:
C(x) = tanh(10sin(x))

0, x=0 or 1
C(x) =14 1, 0<x<1
—1, 1<x<?2
B Second Harmonic Injection Function:

S(x) = sin(x)

S(x) ~ 2 — 2x, 0.5<x<15
T 2x — 4, —05<x<05

B K generation function:
K,(x) = 1+ 2tanh(10 sin(x))

-1, -15<x<05
&“9~{3, ~0.5<x<0.5

—C(z)
- - - -tanh(10sin(z))

— K ()
-=--1+2-tanh(10sin(z))
———----—0 - © —_—-— -

H
& 4
O~ = - ----
& 4
o
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Design ldea

B Issues: B Solutions:

e Using a random number generator for * Omitting the Gaussian noise: It
each spin in a 1024-spin FPGA-based decreases the solution quality by a mere
annealer increases hardware costs by at 0.8% for solving max-cut problems.

least tenfold.
* tanh(-), sin(+) are hardware consuming * Using approximate linear piece-wise
for the implementation by digital circuits. functions for ease of implementation.
 The period of 2m is inefficient for * Using a period of 2.

implementation.

B. Liu, T. Zhang, X. Gao, and J. Han, "An Efficient Simulated Oscillator-based Ising Machine on FPGAs," the 24th IEEE International Conference on Nanotechnology, 2024. H



An FPGA-Oriented Model

B The derivative of the ith oscillator phase with time :

1 |
di(®) = [HK Y JifCi(5(0) — (D) — KIS 2u(0) |
j=1

Prop. coupling function Prop. Second Harmonic
Injection Function

B The update of the ith oscillator phase:

1. Compute the new oscillator phase 2. Limit the oscillator phases to be within [-2, 2]

¢;(t+1) =B(¢";(t +1))
@i (t+1) = ¢p;(t) +dop;(t)

Prop. Evolution Bound Function

X, 0<x<?2
B(")‘{x—4, 2<x<4



The Proposed Algorithm

Algorithm 1 Oscillator-based Ising Machine Simulation

B Inputs and Parameters: Algorithm
e J. a matrix for the coupling coefficients; Input: J, Ty, and AT
* AT: the time step size for each iteration; Output: P
Tstop: the simulation stop time. 1: Initialize oscillator phases , The total number of iterations
B Output: 2: for g =1 to Tst0p /AT ~do
« @: a matrix for the coupling coefficients. 3: K <= 1+qATy20 The current time
4: KS<:1—|—2><M¢q§_ZK
. : 5: for each oscillator, 7, do
B The flow for updating the oscillator phase = pd; = O, 1 ;- ones(1,N) — ®,_1
* Calculate the phase difference .. f _}g(ji | C(pdz-)?) q
* Compute the local field o ssi <= —K.S(20,_1 ;)
« Compute the value of SHIL o AD, ;< Lf; + ssi |
* Compute the effect of the local field and (0: end forq,
SHIL on the oscillator phase - $, < B(®,_1 + AT - AD,)

* Update the oscillator phase 12: end for

13



Circuit Design

Injection Signal
Generator for SHIL

§8; < —KSS(Q(I)Q_L?;)

Computation Unit for K
K <1+ qAT/20

Computation Unit for K
K, < 1+2x M(qAT)

pdz = q)q—l,i . OTLQS(I, N) — q)q—l

Local Field Calculator

lfi <= —K(J; - C(pd;))

(Dm,r' a)fn,fﬂ CD!n,N
‘ Controller ¢| J;
= T I |_ N I _!! — e — f . . .‘F ,_#’_? — o —
| i ———gékzzwwv —————— 1
— f— -
|l i o
1 g o Wingl | F] =
- mprge,r i G-I E — a8l
S KCU - 2 7 |
A ) |" I | | | v -w j
I it £
g i bo - ssi
N KeCU 4_: | (D ) ISE —

Phase Calcu

lator

A, ; <= 1f; + ss;

&, < B(®y_1+ AT - AD,)

Ks

The top-level circuit architecture of a simulated oscillator-based Ising machine
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Solution Quality

The proposed SOIM algorithm returns average values of 99.1% in MAX and 98.2% in AVG.
Compared to DEOIM 11 an average 8% increase in MAX.

Compared to the SA 21 and the OIM simulation algorithm 41 a marginal degradation in

<
I
<
O
<
Q

pproximately 0.9% and 1.8%.
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M (MAX)

c
g 1000% Pt ) o ) o) e N IR 5 L -y . 3 u 3 [ % v B B 3 %
: = o ey R s n o P i R = Pty R e % ey i i
g AR A AR AN A A A Y A A A AN AN A A A LA
S w=iew  Posoa ,\_//% L e S S S B R R B Tl e fh i Sl A
. '\Eg% '.\'Eg% '.\E§§ ,'..\Ef"‘\\ 'I"Ef///% i~ ?% g 45 & ’_/,Q P :;E s ?% L gs UEN f;.}: L :;§ L ?% = ?% o~ ’éh o ﬁ s __./_,s P ._,//!E e gh
2 o M=z NRER Grcon Bocd Eecm Bu o8 BY 28 o 7R B o2 B 2R An o8 B o8 Becn BY o8 Be o8 B o8 fn o8 BeooR Be ok BN oL
] = Rt gt B [ty w b n R e % RREA o o - o R S W T e
95.0% ] LT TR R Tt R [ [ i 7 o0 B T S B Sy i S i Bl Bt 5, o
e '“:,éE K:g% IH:ﬁ% 'Ié:ﬁﬁ ':“\:ZQ L ?% N gs 8= f,;a o 78 L g& I gs I ZR :;% I:Q:?‘% -‘*‘:ﬁ 15278 :r‘*:ﬁ B :;"&. i E;’;E 1 ﬁ:
W Pooom Pw=em Iasal lecEw aesER ar 2R e b oo Ne e P s I ook s 28 gl 2R g esER awzEE o arsrd sl Ny oom Pe oom e SN
£ A PN PN A NN RN A A R A R A RARA RN P A A RABA A
2 NA R RN NN BN VR A RN R A BRI N A BN A R A R R
a8 90.0% UZEN USER LDTER ITEN ISON 'UsEe TSER TSR USAE SO 0N ER O aL B OND oy WISUR vUsEm TSER OTSER T 2R 0 2R 0 N
W i bt S et S St SR b = HE Lz LT el I 2 s 29 s 20 aZol oZow RIER DTN e 2R N o [ o
g 5 SN LY IS MY SN BRI SN MY DS IEN Y AN MUY MEN IR N SR A B B A
53 i=ow Brcen Bocon Bocen Recon Biconw Recon BeSom Besow Becow BT cn Be R BD o RSN BUSch Ehcom Hocom RosoR BT o B on
5~ (=8 e s Bt fies Bon BUe R Bec Ao w Busw Busow B0 oY BT AN BN o RSN TR pos R BeecR RiSUR B N ek
57 asow PEN PN REN RSN ISA NI IR REN SN IR RN RV REN Y LI R A R
4 S es [nSca Il- :ﬁ =y h :,f\ (et S gttt | Bt = It B S ’_,-:'n\ - ,r\ II‘:’,&\ I~ 2w l'.:’__,\ 15T II“ :_,i\ | = o
S woim IwSER (IAZER |c-—.-"§ eSER SRR RTER p—/’% R it S o S L R S R S e I et I e LeSie LezoR
Home®  ooes LUSER = o et S - S - S R S - B S - S o Jrp o St B L S R~ N - St
> I::gg l:-:,»‘?% :I::ﬁ 'l\\:ﬁ :@:g% :::ﬁ% ST IK:?% ':\:-:?,g ll:é% B Zﬁ - é% i g% :Q:f?;% :::?§ :::?% l:\::ét l:::g% I:~:§§ .::3%
@ 0 e et S Rt 1'--“5"_,--"%~ OSER G NEER O RSER ',mE;,""'\\ Posea Peoon de e LR SR AN e peseN Pt '|‘E§E, finson  Bo=ow Rt
N B00% he X BEA BEA I U I I NI DS R Il B2 A I A iEA IR ISR I
N s ~ sTEE o . [t S i 0 BS E A=l w E% ST W=l (Rl g
i '\—gg I ﬁh\, I'x’ﬂ% I'\‘ﬁ* ! "?‘% Ix—g% I\-._/a 'K‘;‘Q 'l's_ft LI ?E LI, ’/’s '\_;% I"«_§% B ﬁ% I"-‘—“'G% I\—’)’;Q 'I"\_ﬁ 'I“_-f"% '\‘_?" "*_’{:‘%
& l\\:.-/fﬁ R R R LUTeR dTSTEm Ahoim hTom USSR NTER GDER hsEe SEN NLTos MoTeN ODER USEm G LTES LIRS gt
A= SER MATER SRR eZE PRI aTEE LeSER LesE e LB Bt B L e it T ot S Tt = =R W
G 75.0% ! ”‘“—é:‘: Pw=ow (! *‘—4;.\\ I'*‘—é$ II"-‘—'/jg l\—ék l‘*—?’t; ll““é% II“_és - \‘—ék '-“‘—’15.:\\ '-‘-?% II""‘_?;% I"“—ﬁg I“‘"é\.‘\\ l'\'_?’fﬁ 'l‘“—é; '.\*—«?E eTE '\‘—f&
Z .

(0]
=
o
N

G3 G4 G5 G6 G7 G38 G9 G10 G11 G12 G13 Gl4 G15 Gl6 G17 G138 G19 G20
The performance for solving max-cut problems by using different Ising model-based algorithms

[1] T. Wang and J. Roychowdhury, “OIM: Oscillator-based Ising machines for solving combinatorial optimisation problems,” in UCNC. Springer, 2019, pp. 232-256
[2] T. G. Myklebust, “Solving maximum cut problems by simulated annealing,” arXiv preprint arXiv:1505.03068, 2015.
[4] S. Sreedhara, J. Roychowdhury, J. Wabnig, and P. Srinath, “Digital emulation of oscillator Ising machines,” in DATE. IEEE, 2023, pp. 1-2.



Hardware Performance

FPGA: a Zynq UltraScale+ ZCU104FPGA board with an XCZU7EVFFVC1156-2-E processor.
Compared with: FPGA Annealer (FA) Pl and simulated bifurcation machine (SBM) el
A fully connected topology: easy to embed a given COP to the Ising machine.

5-bit precision for the coupling coefficient: a stronger ability in solving complex COPs.

Comparison of FPGA Implementations for Different Ising Machines

Design Size |Coefficient Precision| Topology | LUTs | FFs [(DSPs
SOIM 50 5 bits Complete!| 5,706 | 3,456 | 50
SOIM 100 5 bits Complete'| 11,622 | 6,928 | 100
SOIM 500 5 bits Complete' | 58,989 | 34,631 | 500
FA [5] 1,024 3 level Sparse® [468,183| - -
SBM [6] |2,048 1 bit Complete! [260,953(281,274| 104

I For the complete topology, all the spins are connected to each other.
2 For the sparse topology, not all the spins are coupled together.

[5] C. Yoshimura, M. Hayashi, T. Okuyama, and M. Yamaoka, “FPGA-based annealing processor for Ising model,” in CANDAR. IEEE, 2016, pp. 436—442. 16
[6] K. Tatsumura, A. R. Dixon, and H. Goto, “FPGA-based simulated bifurcation machine,” in FPL. IEEE, 2019, pp. 59-66.
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Simulated Bifurcation (SB)

* Basics: Computationally solve a pair of differential equations related to the

momenta and positions of oscillators; enables massive processing parallelism.

1
H(o) = _Ez:jijgiaj - 2 h;o;
o i

OHsp
i — dy; = AoYi,
. OHgp e g
Vi =5 T —{ag —a(®)}x; + co P + n(Oh . z
l L
x' 0 o
x; is replaced with its sign and y; is initialized to O if |x;| > 1. 05 2

-1

-15

-15-1-050051 15
x',

x; and y;: the position and the momentum of the ith oscillator (seen as the ith spin);
x; and y; denote time derivatives;

a(t) and n(t) are control parameters; a, and c, are positive constants.
Hamiltonian convergence of

* Bad news: Solving differential equations is not easy, especially when the Bifurcation Ising machines.
matrices are large (i.e., compute-intensive).

H. Goto, “Bifurcation-based adiabatic quantum computation with a nonlinear oscillator network,” Scientific reports, no. 21686, 2016. 18
H. Goto, K. Endo, M. Suzuki, Y. Sakai, T. Kanao, Y. Hamakawa et al., “High-performance combinatorial optimization based on classical mechanics,” Sci. Adv., 2021.



Stochastic Computing (SC)

* In SC, values are represented and processed as random bit streams of Os and 1s; simple
logic gates/counters can perform arithmetic operations.

[ . . s Binar
Binary Stochastic number Stochastic Probability ary
number — . : number
. generators (SNGs) circuits estimators (PEs)
inputs outputs

A stochastic computing system.

. pl == 05 . N1
B'”aryh‘t-'mber 1A 0110... 0110... P=N,
register \ g | 0110 - counter
> —>
—0 S'J p1p2 = 0.25:
Random number p2 = VU.o:
* B 0100...
generator (RNG) 1100... A probability estimator.
A unipolar stochastic multiplier. N1: the number of 1s.
An SNG.

N;: the number of all bits.



Dynamic Stochastic Computing (DSC)

* Good news: In DSC, signals are sampled as random bit streams of Os and 1s; each bit
encodes a (changing) value or probability of the signal.

Specifically, we use dynamic stochastic sequences (DSS’s) in DSC.

Dynamic stochastic sequence

1.00 =t s air d e de A A kA W e e AR AR AR i B
Digital signal ‘ oA
0.75 +  DSC encoding the signal ’\ ‘ e —
! l I

A>B —

0.50 -
0.25 X; Random number | | 5 R
‘ generator (RNG)
0.00 4 Itﬁﬁﬁﬁﬁlﬁt A A . : 1: * * *tl
0.0 0.2 0.4 0.6 0.8 1.0
For each sampling point, E[X;] = x; A Dynamic SNG.
20

S. Liu, W. J. Gross, and J. Han, "Introduction to Dynamic Stochastic Computing," IEEE Circuits and Systems Magazine, Vol. 20, No. 3, pp. 19 - 33, 2020.



Dynamic Stochastic Computing (Cont’d)

: In DSC, signals are sampled as random bit streams of Os and 1s; each bit
encodes a (changing) value or probability of the signal.

Ordinary differential equations (ODEs) In our previous work (DAC’17), DSC was used to solve ODEs.

dy(®) = £(t) A Sequential Stochastic Integrator (SSI):
dt f
R Random number .
Euler method Vi = Zfl ~  generator (RNG)
> — Yl[i]

jyi Xolil =+ Up/down counter 7
hf(t) Xpli] — - A | vl

= ' >

h t

instead Vi & LF; Fj: DSS encoding f(t) y[i] = y(Ole=ni = Xl*a(t) = x4(t)]

21



Integration in Simulated Bifurcation

 Differential Equations’]:
Xie = f(Ve)i = QoYi
Vie = g(xp)i = —{ag — a(®)}x;r + coJ X
* Semi-implicit Euler Integration ! :

Viev1 = Vie T 19(X¢);
Xit41 = Xie TN (Ver1)i

‘ Yio=0,a0 =1, F(¥e)i = Yir

Xit+1 = Xjo t n* Z?:o Zi:o g(xx)i

[7] H. Goto, K. Endo, M. Suzuki, Y. Sakai, T. Kanao, Y. Hamakawa et al., “High-performance combinatorial optimization based on classical mechanics,” Sci. Adv., 2021.



A Stochastic Computing SB Cell

Xit+1 = Xio T 772 Z§=o Zi:o g(xx);

Convert a binary g(x;); to a DSS Vit+1 = Vit T Ng(xe);
Gis Xit+1 = Xit T Nf (Ver)i

; Yit+l
. : Gs E — ii+1 ;
Xt)i . > Y i1+
g( t) i , SSNG E G”l' i : {’I E -------- : x,t I

The Stochastic Computing SB Cell (SC-SBC):
Aimed for higher area efficiency.
(SSI: Sequential Stochastic Integrator)

23
T. Zhang, H. Zhang, Z. Yu, S. Liu, and J. Han, "A High-Performance Stochastic Simulated Bifurcation Ising Machine," Design Automation Conference (DAC), 2024.



A Binary-Stochastic Computing SB Cell

Xigr1 = X0 + 12 Xhoo Lrco 9(X)i

Vit+1 = Vie T 19 (Xe); Xies1 = Xie TN Ver1)i

‘.X":tf.{-, Xit+]
. Y
Xt )i i+ : — it+
89 gEr 2 >, SSNG [ ¥u ||+ :--)-(X‘--{:
i . SSI > |
8(%t)i >SS yies 07|- L Xm
n - > 7 Xio

The Binary-Stochastic Computing SB Cell (BSC-SBC):
Aimed for higher speed.
(BEI: binary Euler integrator)

24



Stochastic Simulated Bifurcation Machine (SSBM)

A linearly increasing parameter generator (LPG):

to implement —{a, — a(t)} as a linearly

increasing parameter by a pre-calculated value 4;

An X_mem: to store the position values
generated from the SBC (either an SC-SBC or a
BSC-SBC).;

A RN_mem: to stores N n-bit random numbers
for SBCs in the N spin units;

N spin units: to update the position and

momentum values by using SBCs.

SBC

—— e R

g

y Spin Unit 2

Spin Unit 1

w ]

LPG

RN_mem

ana[ [ [[-TTT]

Ana[ [T T-TTT]

RN:

25




Performance Evaluation

The proposed SSBM: higher Ave and Min values
are obtained with n =0.5
0.125, 0.25.

Evaluated by Ave and Min, when n = 0.5, the BSC-

than with n =

SBM performs better than the SC-SBM when T, =
1000; the SC-SBM performs better than the BSC-
SBM when T, = 10000.

It shows the advantages of BSC-SBM in a short

search, and SC-SBM in a long search.

Cut Values

Cut Values

33200

33000

32800

32600

32400

33300
33250 T

w W W
W w W
= = N
o u o
o O o

33050
33000 -

s bSBM
I dSBM

* bSBM: ballistic simulated bifurcation machine;
dSBM: discrete simulated bifurcation machine.

Ul

(2] ~

[

7

7

\ [}

Max

(a) T, = 1000

N

[-]
N

-]
\‘

°

N

\ [}

\ [}

\ [}

i

LD

I\l

Ave

(b) T = 10000

B SC-SBM (n=0.125)

Max

SC-SBM (n=0.25)
SC-SBM (n=0.5)

Min

BN BSC-S5BM (n=0.125)
BSC-SBM (n=0.25)
BSC-SBM (n=0.5)
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Hardware Evaluation

 The dense connectivity between spins leads to an increase in area and power.
* The spins in SC-SBM and BSC-SBM require 1.5X and 1.3X more normalized power per spin than [8],
respectively, due to the 3.9X larger connectivity.

 The proposed SC-SBM and BSC-SBM utilize at least 10.62% smaller normalized area than [8].

D-wave [3] |JSSC’15 [14] | JSSC’21 [8] [ISSCC’21 [15] | CICC’21 [16] | JSSC’22 [17] | Prop. SC-SBM | Prop. BSC-SBM
Computing Quantum CMOS SCA Metropolis Simulated Simulated Simulated Simulated
Method Annealing Annealing | Annealing Annealing Annealing Annealing Bifurcation Bifurcation
Technology Superconductor | 65nm CMOS [ 65nm CMOS | 65nm CMOS | 65nm CMOS | 65nm CMOS | 40nm CMOS 40nm CMOS
# Spins 2k 20k 512 16k 252 480 2k 2k
Topology Chimera Lattice Complete King King King Complete Complete
# Spin Interactions 5 5 511 8 8 8 1999 1999
Coefficient Bit-Width N/A 2 5 5 1 4 2 2
Spin Type Qubit SRAM SRAM Register Register Register Register Register
Power per Spin 122 W 2.83 yWw 1.27 mW N/A 1.33 pyWw 0.18 uW 0.74 mW 0.64 mW
Area per Spin N/A 289 pm? 12207 um? 552 pim® 1671 pm* 832 pm? 6370 pm* 6453 pmz
(Normalized Area) (6.86 X) (1.13 x) (3.28 %) (12.41 %) (6.17 x) (1 %) (1.01 x)
Frequency N/A 100 MHz 320 MHz 100 MHz 64 MHz 200 MHz 250 MHz 250 MHz
# Spin Update Cycles N/A N/A 512 22 N/A 1 20 20

[3] M. W. Johnson et al., “Quantum annealing with manufactured spins,” Nature, vol.473, no. 7346, pp. 194-198, 2011.

[8] K. Yamamoto et al., “STATICA: A 512-spin 0.25 M-weight annealing processor with an all-spin-updates-at-once architecture for combinatorial optimization with complete spin-spin interactions,” IEEE JSSC, 2021.

[14] M. Yamaoka et al., “A 20k-spin Ising chip to solve combinatorial optimization problems with CMOS annealing,” IEEE JSSC, vol. 51, no. 1, pp. 303-309, 2015.

[15] T. Takemoto et al., “4.6 a 144kb annealing system composed of 9X16kb annealing processor chips with scalable chip-to-chip connections for large-scale combinatorial optimization problems,” in ISSCC, 2021, pp. 64—66.
[16] Y. Su et al., “A 252 spins scalable CMOS Ising chip featuring sparse and reconfigurable spin interconnects for combinatorial optimization problems,” in CICC. IEEE, 2021, pp. 1-2.

[17] Y. Su et al., “A scalable CMOS Ising computer featuring sparse and reconfigurable spin interconnects for solving combinatorial optimization problems,” IEEE JSSC, vol. 57, no. 3, pp. 858—-868, 2022. 27
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Parallel Annealing

() N7
% e le,
“'ﬂ\ ": ',‘, d
(o) e AVA LN (%) ; ;
\ 5/
Pa\ o
(99
The conventional o
structure

The two-layer spin structure

Each spin is connected with all the other spins in the
other layer but has no interaction with the spins in
the same layer.

The interactions between ¢;* and ¢;* are called self-
interactions (w;).

All spins in the right and left layers are updated
simultaneously per iteration.

The Hamiltonian (Hp) :

1
Hp = _Z]ijo-iLo-jR —Ez hi(O'iL + O'lR) + (ULZ(l — O'iLO'iR
i,j [ [

Is it efficient for solving constrained combinatorial optimization problems?

29

T. Okuyama, T. Sonobe, K. Kawarabayashi, M. Yamaoka, “Binary optimization by momentum annealing," Physical Review E, vol. 100, no. 1, p. 012111, 2019.



Temperature Function

Max-cut Problems
* For conventional parallel annealing algorithm:

T, = 1 g
Boln(1 + 5) iz .
S3

T, approaches a value that makes P; to be low but not zero.

Spin configuration

Spins can flip at the end of annealing.

. i . Travelling Salesman Problems
For the improved parallel annealing algorithm:
T Tmltr !

T, approaches a value that makes P; to be zero. /V\/

Spins cannot flip at the end of annealing. Spin configuration

Energy

30
Q. Tao and J. Han, "Solving Traveling Salesman Problems via a Parallel Fully Connected Ising Machine," Design Automation Conference (DAC), 2022.



Dynamic Offset

* The Ising model is stuck in a local minimum and
hard to escape when T is low.

* A dynamic offset AT is introduced.

T, increases by AT when there is no flip
among the spins.

AT resets to zero when the configuration of
spins changes.

* The Ising model can escape from a local minimum
quickly and have a higher probability to find a T,= (T,+AT)rs1
better solution.
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A Clustering Approach

Original TSP After clustering Solving the TSP of central points Solving the original TSP
*\ A jx i\
A. Dan, R. Shimizu, T. Nishikawa, S. Bian, and T. Sato, “Clustering approach for solving traveling salesman problems via Ising model based solver," 32

the 57th ACM/IEEE Design Automation Conference (DAC), pp. 1-6, 2020.



Overall Architecture

e SUUs update states of all spins according to the
initial local fields.

* DDSS outputs the flipped spins to LAUs and
corresponding index to storage blocks.

* LAUs calculate new local fields by dropout rate
(Pstep), Momentum scaling factor (c;), and
dynamic offset (AT) and output to SUUs for the
next update cycle.

* Self-interaction generator updates (w; s¢ep),
RNGs generate random numbers between -2T
and output to SUUs.

e Solution update unit compares the new energy
with the former lowest energy.

K. Yamamoto et al., “Statica: A 512-spin 0.25 m-weight annealing processor with an all-spin-updates-at-once architecture for combinatorial

optimization with complete spin—spin interactions,” IEEE Journal of Solid-State Circuits, 2020.

The Architecture of the IPA Machine (adapted from JSSC‘20)
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write o S = | o
clales = | = .
read 21212 S|s Annealing
i schedule
step_add
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Solution sigmas As
update [—]
— DDSS -
. (]
solution Oj index




Annealing Circuit Design

Self-interaction generating unit (SIGU) Annealing schedule unit (ASU)
Random asn L
I 1
number [0, 1] % g 1ep % — finish
Pstep — © step_preset © * The self-interaction ((‘)i,step) isO
step_add
o when pgie,, > rand, the rand
{23, <xem aT —b ? A T«  numberis between 0 and 1.
Cstep* Wi, original :
step” i, erigitia : ] * The Tstep is calculated by:
Random number generator (RNG) step—1
, Tstep= (Tstep +AT)r -
XORShifter 22
(21)| (20 downto 11) (0)| (10 downto 1) (1to 10) (12to 21) ° The flnlsh becomes 1 When Step
| (21) & “0111” & (20 downto 11) | | (0) & “0111” & (10 downto 1) | [“0” & “0111” & (1 to 10)|| “0” & “0111” & (12 to 21)| reaches ste p_preset.

« Random numbers are generated by

[-1 ] 1 -1 ] 1] a 22-bit XORshifter.

T v v

Q. Tao, T. Zhang, and J. Han, "An Approximate Parallel Annealing Ising Machine for Solving Traveling Salesman Problems," IEEE Embedded Systems Letters, Vol. 15, No. 4, 34
pp. 226-229, Dec. 2023.
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Solution Update Unit

The Energy Calculator
Registers array for energy:

Lo

storage block
storage storage storage [ P e —{ ————————— |
block 1 block 2 block 64 % write address—l7/ |
I 1 o i
count —_ candidate o |
| |
1 1 1
l
H\‘ read_address —+—\_ :
1
N e !
clk_accum
energy_candidate FSM .
/( statel }
[ - AN s
N S | accum_done ) ; annealing_en=1 ®
clk = [+ £ candidate=( = b
) 64— ©O = accum_en=0 L
accum_en clk_accum g k)
2
/
state2
/
\ / state2:
candidtate L w annealing_en=1

annealing_en ¢ ~3ddr-155r_adqy

candidate=1
w_addr-15=r_addr.

—
1
Q
&
Y write_address e accum_en=1 =
+1 £
| ©
wn
m L /
-”&:l " m_en \(
2 read_address .accu & state3

\ state3:

annealing_en=0
ceum_done=o accum egn_- 1

accum_done

Data that waiting for accumulation is stored
in registers arrays.

The accum_done becomes 1 when 64 values
in registers are accumulated.

Writing process and annealing process need
stop when there is no space in the register
array.

The energy candidate and sigma_candidate
are sampled when accum_done becomes 1.

Registers array for sigma:

storage o . storage o . storage Og
block 0 block n

———————————

write_address

candidate ——

read_address _I_

sigmas_candidate
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State Transition

Control Unit

= ready <
s‘aﬁ'o write=1 Y %
The Instruction o e X Xmemorywie)
1 10 9 8 7 6 5 4 3 2 1 0 = ready=1
| mode l rstdynamic I noflip IC_updatel sel I se0 I write I read IDDSS_enI LAU_en l SUU_en I step_add
idle 000000000000
Memory write 000000100000 (
SUU enable 000000000010 (step adding delay)
Step adding 000001000000 e\'ﬂpw=0b\e=1
Step adding delay 000001000000 L /a 7
3
DDSS enable0 000010001000 (DDSS enable 0 de|aV) T, o, 5
\ oy, Pl L
DDSS enable0 delay 000010001000 &%(} Dg%ze gE
V. S S
LAU enable 110000010000 5 /
€ waiting for accumulation
LAU enable delayl 110000010000 ]
LAU enable delay?2 110000010100 (LAU enable delay 1) %, \annea\.mg
(9’ =0
DDSS enablel 000000001000 % Bpapts
(LAU enable delay 2)
DDSS enablel delay 000000001000
Waiting accumulation 000000000000
No flip 000011000000
No flip delay 001011000000 (DDSS enable 1 delay

Q. Tao, T. Zhang, and J. Han, "Approximate Parallel Annealing Ising Machines (APAIMs): Controller and Arithmetic Design," the 18th IEEE International Workshop on
Cellular Nanoscale Networks and their Applications (CNNA 2023), Xanthi, Greece, 2023, pp. 1-5.




Approximate Momentum Scaling Factor

12000

10000

8000

6000

4000

N I I
0

burmal4d ulysses16 ulysses22

®m Ave with new Cstep  ® Ave with old Cstep

700
600
500
400
300
200

100

burmal4d ulysses16 ulysses22

1 Std with new Cstep Std with old Cstep

The average and standard deviation of travel distance
after applying a linear momentum scaling factor.

* The conventional momentum scaling factor (old cgp) is:

c _ step
step S tepmax'

It requires a multiplier to calculate cgtep - ;.

The approximate momentum scaling factor (new cgtep) is:
Cstep = _step
stePmax
It only requires an adder to calculate cgtep © W;, as (Cstep-
W; — Cstep—1 * W;) is a constant. And the adders in LAUs
are reused for ¢4,y + W; calculations.

The approximation results in a decline in solution quality:
the largest increase on average is 1.9% for ulysses16, and
the largest increase in the standard deviation is 15.2% for
burmal4.
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Approximate Floating-point Adder

Operand A

| sign & exponent & mantissa |

Floating-point Adder [5]
Operand B

| sign & exponent & mantissa |

.

exponent
subtractor

L

mantissa swap

sign logic

Cout

| right shifter

exponent
update

mantissa adder

<«— Cin

L

l A

special cases

| sign & exponent & mantissa

'

Overflow
Underflow
Zero
Inexact
NaN

An AND gate is used for

truncated
(4 bits)
8|7]6
Lower-part
(4 bits)
817 |6 211
g|lZ16 2 (1
An AND gate is used for generating carry-bit at the MSB of lower-part
Lower-part
(6 bits)
LOTA‘6&3 truncated
(3 bits)
81716

generating carry-bit at the MSB of lower-part

Truncated adders (TruA), lower-part-
OR adders (LOA), and lower-part-OR
truncated adders (LOTA) are
considered to improve the hardware
efficiency.

The mantissa adder in a half-precision
floating-point adder (12-bit adder, 10-
bit mantissa, 1-bit for hidden 1 and 1-
bit for overflow detection) is replaced
by the approximate adders.

38

Honglan Jiang, Francisco J. H. Santiago, Hai Mo, Leibo Liu, and Jie Han, "Approximate Arithmetic Circuits: A Survey, Characterization and Recent Applications," Proceedings of the |EEE,
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Approximated Floating-point Adder
—mmmmmm

No Approximate 2.67 3.08 2.39 0.17 6.300 41.289 3.97
TruA-3 2.69 3.14 2.39 0.18 0 6.275 41.035 3.90
TruA-4 2.74 3.58 2.39 0.24 0 6.266 40.931 3.89
LOA-4 2.71 3.06 2.39 0.18 0 6.273 41.263 3.84
LOA-5 2.77 3.17 2.39 0.21 0 6.266 41.223 3.82
LOA-6 3.08 3.82 2.65 0.26 4 6.259 41.080 3.79

LOTA-4&3 2.71 3.17 2.39 0.20 0 6.269 41.130 3.84
LOTA-5&3 2.72 3.06 2.39 0.21 0 6.262 41.108 3.82

* Simulated results are obtained by synthesizing circuits using the Synopsys Design Compiler.
* The CMOS 28 nm technology is applied with a supply voltage of 1.0V, temperature of 25°C, and
clock frequency of 200 MHz.
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Conclusion

» Approximate and stochastic computing inherently introduce
errors, which can impact the convergence and solution quality of
Ising machines.

» The introduced noise can enhance the system's ability to escape
from local minima, such as using approximate functions in the
emulated oscillator Ising machine. In the annealing Ising machine
using approximate adders, it may cause a loss in solution quality.

» Different types of Ising machines exhibit varying degrees of error
resilience.

» Ongoing work includes the optimization of approximate circuits
and advanced design of stochastic circuits for Ising machines.
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Lower-part OR Adders (LOAS)

e b1 1:0 aI—J:O

n]l
: : ainIJ a.; br; aobo

4972_ (n-0)-bit Accurate ‘Cin Q\j
Sub-Adder

-

Si-1
@ [-bit OR-based Sub-Adder
Sn-1:1 SLi:0

The n-bit lower-part-OR adder (LOA).

Critical path: O(log(n — 1)) Circuit area: A zz.r + (I X App)
Agger: O((n—Dlog(n—1)) Ay ¢ circuit area of the OR gate.

H. R. Mahdiani, A. Ahmadi, S. M. Fakhraie, and C. Lucas, “Bio-Inspired Imprecise computational Blocks for
Efficient VLSI Implementation of Soft-Computing Applications,” IEEE Trans. Circuits Syst., 57(4):850-862, 2010.



Stochastic Circuit — Function Approximation

O Function approximation using a multiplexing circuit

X1 = bsnG

Array

>

¢ 1 b
Stochastic sequence encoding 2/11 —»

Stochastic sequence encoding 5/11 —
(O b _>

fix(0]

« The multiplexing circuit originally computes f(x) = 1/11(2x3 + 3x* + 6x1) (Qian et al.
2011).

- |If the input sequence encodes x(t) = e~2¢, the multiplexing circuit calculates the function
composition f[x(t)] = 1/11(2e 7%t + 3e~*t + 6e72Y),
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Dynamic Stochastic Computing: Definitions

O In dynamic stochastic computing (DSC), a random binary bit stream is used to encode a changing
signal instead of a static number as in conventional stochastic computing.

L Definition: a dynamic stochastic sequence (DSS):
A DSS {A,} encoding digital signal, y;, satisfies that the kth bit in the random binary sequence has the
expectation,

E[Ak] = yk.

Origiuzl signal A hi_gher frequen_cy of ‘0’ or
%X DSS l ‘1’ I1s observed In the DSS
when the signal is close to 0
or 1, and vice versa.

t(s)

Example: A DSS encoding a 1-Hz sine wave.
(The DSS is decimated for a clear view.)
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Stochastic Integrator

1100... -2 INC

B
0110... —*LPEC

n-bit Counter

n

L, RNG

» »
Output sequence
V_ﬁD—' 0110...
., comparator

A stochastic integrator.

Function of a stochastic integrator: ¢ = [ (a — b)dt.
Let P; equals to normalized C, i.e., P; = ZinC.

An example of stochastic integrator (n=8).

[ a; b; P; RN; C;
0 1 0 (0.10000000), 0.75 0
1 1 1 (0.10000001), 0.20 1
2 0 1 (0.10000001), 0.19 1
3 0 0 (0.10000000), 0.62 0

{c;} encodes signal {P;}.

y C

Output sequence

A symbol.
Pl+1/2n ai=1&bi=0
Pi+1= Pi—1/2" ai=0&bl~=1

Pi a; = bi
1
Pip1 = P+ (a; = by). (1)
Accumulating (1) fori = 0,1, ...,k — 1
1 -
Pr = Py + 5 %o (a; — by) - (2)

Taking the expectation of (2)
E[Pe] = Po + o X425 (Ela;] — E[b;]). (3)
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Hardware ODE Solvers using DSC

O Numerical solution of ordinary differential equations (ODEs) using the Euler method.

O A second-order ODE O A system of ODEs

ya(t)

0.5

Results by stochastic 057 1
ODE solvers 1 .
— — — Analytical solution

z(1)

ya(t)

dyi(t)

()

Stochastic Y Stochastic Y,

0.2
dzy(t) Zdy(t) 0 | . dt =2 (t) - 05 -0.2(;_ _2._ Analjtical )’; —-—8-—An?(l)ytical 1\22
0 2 4 6 8
+ + t) =0 t d t t
dt a YO y;t( ) _ 05 — v, (8)

Hardware solution produced by stochastic ODE solver vs. analytical solution.

46



DSC-based Gradient Descent Circuit Design

(B Traine
0 e
(k1) DSNG Jlk Sto multi P )
YVim — array || L :

® | Sto multi
5, — h

=

k-1 k K k-1 k) (k-1 k) (k=1 (k=1) _  (k=1) (k 3
A = (889 - 500) <D = n(6(+)yf )My k) 0D = 0oDg) 4 g

l] L] L]
Recall:
i1 - _ &) (k-1)
E[P,] = Z 1(E[q,] — E[b]). Sto_multil: E[a;] = 5 [l]y [{] (0SO)
|: the Ith sample in the training data. Sto_multi2: E[b;] = 5,-(,’9[1]}’]-(]‘t Rt

n: bit width of the stochastic integrator (up/down counter). The proposed DSC-based gradient descent

1 1 circuit provides unbiased estimate of the
ELP] = Wi('f '[L], when = o5, Py = (J '10]. optimized weights.



Experiments on MNIST Dataset

O The weights of a 784-128-128-10 fully connected neural network (NN) is updated by the proposed
DSC-based gradient descent circuit. The NN is used for handwritten digit recognition of MNIST dataset.

[(m——————————
)

| Comparator | W

: array :

———————————— k1
D e

1 I i
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!

|| sign bit 5%)5%) 5%)5%) %E)éé) %%)%%)
> RNGI \ p! magmtude bit
I
0 3. sign bit i 1/\ w2 % %
0] _\ ) magnitude blt :
GF on v Gg
-I: J.'" sign bit
\(” magnitude bit
167 / ) sign bit / 7
(Generated by RNG1) ) magnitude bit/ Layer /+1
8. signbit/ / —~
(Generated by RNG2) 5. n magnitude bit
0.V sign bit
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